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A, INTRODUOZION

Winds blewirg over the ocean generate waves on the water surfuce which are as vari-
able as the winds which oreate them, They vary in height, length, and breadth.
Within the storm aresa they are known as wind wavses and often appear a¢ irregular
mounds (Flgure 1), After leaving the storm area they desrease in height and imorease
in length and breadth due to dispersion, air resistance, viscosity, turbulence, eto.
They transform into swell, and eventually they may enter shoaling water along ocasts,
finally breaking over reefs, against oliffs, and along beaches,

If, during an amphibious landing, the variation in bresker heights sould be pre-
dioted, & meohanism would be available by which landing oraft could be direoted
through the surf during intervals of relatively 1w breakers. It was thought thet
a possible method for the prediotion of relatively calm surf might be formulated
from a study of the relation between of f=shore swells snd the breakers on a beach.
If such & relationship could be established, readings fram wave recorders operating
aboard off=shore ships soculd be used during days of high surf to direct landing
oraft so that their arrival time would noinoide with the intermittent intervals of
relatively low surf,

Preliminary studies iadicated that the gensral problem was extremely complex due
to the dispersive, short-orested, and refractive properties of waves. These prop-
~rties are discuessed briefly belows

Dispersions Wave velooity in deep water depends primarily upon wave length, and

to & small extent upen wave height; in shoaling water wave velocity depunds upen
wave length and water depth, as well as to a small extent upen wave height. The
more shallow the water the greater is the effect of depth and the lesa is the effeoct
of wave length upon wave velooity. As long as the velooity is dependen’ upon wave
length it is said to be diepersive,

Consider a typiocal reocord such as the one showma in Mgure 2. It can be seen that
both the heights and the intervals between sucocessive orests (hence, lengths) vary.
Because of this variabllity it osn be shown in a rather simple manner that the
‘waves" oannot be of permanent form., Mor if they were, then the orests would be
meving with veleoitles assooiated with the lengths snd as the suocessive lengthns
vary, the velooities would wvary; hence, the spaces between orests would ohange.
It follows, then, that they oannot be of permsnent form. In faot, obeervations ef
waves in the generating area have indioated that the ocrests ocannot be follewed for
more than & few wave lengths: old orests graduslly dieappetr sgd.-new erests:
appear (S8ee flgure 7). It would seem ressonable that the Eistenoe .through'whioh
SELCLint ( lind
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individual orests could be followed would depend upon the width of the frequeneoy
spectrum. Hense, the first long swvlls arriving from a distant storm, consisting

of waves of nearly the same frequeroy, probably cculd be tracked for a consideratly
greator distance thain the waves in the generating area (an observed faot), The
average ocorndition would, of course, lie between these two limita.

In the general oase, then, instead of following individual orests, or groups, fram
one looatlon To ancther and merely determining the travel time, one must treat the
transformation in both space a=i time of & so=called "oolored noise" random time
series, In order to deve’ ., the relationship between the disturbance of the occean
surface as it existe «[rfshore and the breakers along & beach it is necessary to

utilise Jourier Series, Pourier Integrals or random function analyses of the surface

fluotuation, oombined with the linear wave theory.

Portunately, the dependency of wave veloosity on wave length deoreases as the water
depth deoretses. In fact, on & bsaoch the velooity of & wave as it breaks is nearly
independent of leagths it depends almost entirely upen the water depth. Thus,

an observer on & piler watohing relatively long swells travel from the end of the
pier to the Lreaker sone, oan easily follow the individual orests. Because of this
relative insenaitivity near shore it is felt that a relatively simple solution may
be obtainable for many cases.

Short-crastedness (See Mgure 3): Oonsider the omse of a wave recorder being loosted

as 1s shown in Figure 4. Buoause the waves are short-crested, the height of the
breakers ocan be directly predisted only along a relatively shor: seotion of the
beach, At ether loowtions iis breaker heights may be highes or lower., For beaches
of small length this will not be as importent as for lomg teaches.

Observations imdisate that the orest-length (i.e., breadth) depends largely upoa
the distance the waves have travelled from the storm area; the greatsr the distance
the longer the orest-length., Hence, swell from distant storms should present less
& problem than looal waves,

Refraotion: Waen waves enter water in whioh the depth is leas than half their
length their velooity depends upon the depth as well as their length, sc waves
travelling at an angle to the underwater ocontours will bend (M gire 4). Beoause
of this it is not pessible to prediot directly the effect of wave transformation
along & line parallel to their diresotica of travel in deep water: refraction
must be considered.

Acsually, the problem is even more diffiecult because of the dispersive propertdy
of waves, ocmbined with their nom-umiform characteristics. The various sompcments
refract in an appropriate manmer; hence the wave motion on the water surface is
transforming in a direotion perpendioular to the direction of propagation as well
as in the direotion of propagation. PFortunately, in the more shallow water near
beaches this dispersive problem Leocmes less acute,

Considerable thecretisal studies have been made in regard to the preblems due %o
the dispersive properties of ocean waves, These studies have been compared with
results obtaimed in the laboratory. Inr addition, arrangements were made with
the S8anta Orus Portland Cement Company for the use of their pier (looated a%
Davenpert, California) - Pigure 12, and four step-resistant gages wsre ordered
frem the Beach Brosion Board for installation along the pier., These have just
been delivered, amd o dotailed field prograzm will commence shortly.
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B. LABORATORY STUDIES

Wave Channel: The laboratory experiments were performed in & wave channel, 1 foob

e AT g 7
4

wide, 60 feet long and 3 feet deep loocated in the Fluid Mechaniocs Laberatory of

the University of California, Berkeley. The front side of the ohannel sonsisted

of plate-glass, framed in 3 ft. x 3 ft. steel frazes, through which motion pistures
of the wave transformation were *acen, The wave generator, of the flavper type,

was loosted at one end eof ths cnamnel. Beth the amplituds and period of the flapper
movement were adjustable. The period of the flapper movement could be waried be-
tween approximately O.4 seconds and 2 seconds. At the oppesite end of the channel
from the wave generator aa alumiaum beach was installed for the purpose of elimin-
ating reflected waves.,

Trans formation of Finite Wave Groups in & Uniform Depth of Water: Wave groups
were generated by operating the flapper manually for the shorter wave groups and
mechanically for the lomger groups. Maznual operation gave both better control of
the number of waves, and a more vniform wave period. It was found when cperating
the generator mechanioally that it took approximately B waves before the generator
wes accelerated to a ocnstant period, and that at the end of the run the flapper
did not stop as soon a8 the motor was turned off. Hense, mecharniocal operation of
the flapper resulted in wave groups with long waves at the atart, then a gradual
decrease in wave leagth (beooming conatant im lamgth), and then after the motor
was stopped, & gradual inorease in wave length angain, until the flapper sompletely
stopped.

The initial groups studied oontained from 1 to 25 waves. The surfmoe-time historles
ware resorded at 4 looations along the ohammel with the first element 1 foot from '
the gemerator, the second 1l feet, the third 21 feet and the fourth 31 feet. The
water depth was umiform and equal to 2.0 feet (at elements 1, 2 and 3) fram the
flapper to the toe of the beach. It was 1,8 feet at elememt 4, which was losated
lsadward of the toe of the beash. The Leach slope wae 1316,

The surface-time histories were roecorded by use of double-wire resistance elements”
sonnected to Brush recorders. The data oa these resorders were sorrelated by
connecding them to & switch operated by the wave gensrator, at station 0+00. The
flapper passing the switoh the first time closed it, causing & mark to be placed

oa the records, thus affording a "zero time®. Mgurs 5 illustrates ome of the

runs (No. 94) with the flapper of the wave genorator moved twice back and fordh,
with & result of two waves in the initial group ome foot from the gemerator. Ia
this figure the transformation of the wave group as it advances down the channel
can readily be seen.

Kmowing the surfase elevation~time history at one location 1t is posaible (¢ pre-
diot the water surface at the other locatioms. This has been dome and the rasults
compared with the theory, with gnod agreement. The results are presented {n sub-
sequent sections of this repors.

Wave Transformation of Nom-umiform Waves im Uasiformiy Shoalimg Water: The experi-
nents just desoribed wers per formed to check the theory for predisticn in water
of uniform depth. But the important provlem in most practical canes is to> predioct

wave transformatiom in shoaling water., Hence, a beach with a uniform slope of 1:40

*Morison, J.R. “Measurements of Heights by Resistance Elements”. The Bulletin,
Beach Erosiom Board, Corps of Emgineers, vol, 3, no. 3, pp. 16=22; 194S,
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was: inatalled, Beoause of the Iimited lemgth of channel a water depth of only 1.17
feet was used. This left a seotion of uniform depth 10.42 feet long between the
toe of the beaoh snd the wave jenerator, which allowed the waves ¢o stabiliso be-
fore reaching the toe of the boaochs The water line on the beach was 6§7.80 feet
from the wave generator,

Wave groups were gerorated by moving the flapper manually in order to mix periods
and amplitudes. In addition to the finite wave groups, measurements were made for
steady~state uni!.form waves by c.aerating the waves mechaniocally and takiung the
measurements only after a ~.eady state was reached. The water surface-time history
was recorddd at two lcsucions. The first element was looated just landward from
the toe of the bemoh (10,42 feset from the flapper) with the water depth dq = 1,17

feet. The second element was looated 41.62 feet fram the flapper, with d = 1/3 4, 3

0:39 foot%,

As far as the uniform trains of waves were conoarned, it was easy to identify the
sare wave on both records and to determine the number of waves betwesn the elemente,
However, diffioulties arose in the sase of traine of non-uniform wavss., 8Same of
the waves would disappear and new waves appear; so, it was not always possible to
identify the same wave on different records. Unfortunately, records of this sors
do not show the ocontinucus shange of a train of irregular waves even whea the poirnts
of messurement are numerous and close together. As this was very importsnt to the
understanding of the problem, it was decided to obtaln & corn‘iuucus record of
irregular waves with movies, Four 35 mm, Bell & Howell "Bymo® cameras (26 mm.

fosal length f. 2.8 lenr) were used, each ome having & coverage of § fest, The
cameras were opersted simultanecusly, overlapping each other's field of view,

In order to obtain a time=soale for the measurements, and to ocorrelate the data

of the different omameras, three oclooks were used, Two of the c¢lcoks wers gradu-
atad ip 0,01 seecnd inorements (one aweep of the arm equel to 1 second) and ons in
0.01 minute (1 sweep squal to 1 minute). The arrangement of the set-up is shown
in Plgure 8, The clook graduated in 0,01 minute inorements (e¢lock 2 in the sketsh)
was used only to oorrelate tae readings of olooks 1 and 3.

The measursments obtained f£i*xn the motion plotures were chscked by plasing a

double wire resistance elemmit in the view of Camera III at a known iocation, and
measuring the surface~time lhistory by means of a Brush reocorder at ths same tims
that the movies wers deing téken. To correlate the data of the Brush recordar

and the movies, the connsoticns to the olooks were made through the Brush resorder
80 that the moment the vlooks were started & mark was plaozd on the receord, Agres-
ment between the data obitained from the movies and that from the Erush racord waa

feund to be very gooda

Experimentation with the photsgraphy shouwed that clear watser gave a gurface lias
in the photographs whioch wag <ifficult to read. There appeared to be saverasl
methods of overocoming this ama thereby obtain & slear image of the surfaca profile
in the plotures. It was descided to cover the glase windows in the ochannel with
tracing paper, stretcshed tightly sgainst the surface of the glass, A grid, with
0,Cl fecot divisions, wts drawn on the paper to obtain & scals fcr the evaluagion
of the data, and the distances from the veve-genarator indicated:. When s eérong
light was directed to the water surfsce & very clearly distlnguished shadow line
was cbiained on the tracing paper; hance, the shadow of the water-surface profile
was aotunlly photographed. The results were satizfastory. Special ocare wits Waken

’—ﬁ""“."\r(—-—"u—- *
Cooia D

SCUITY INFOCRMATION




T S,y

v

e s

9.

to keep the tracing paper as tight as pucsible to the gilass: otherwise the shadow
image would not be olear and would result ir erroneous readings,®

The duration of the run was approximately SO seoonda, as this was oonsidered to
be adequate from a statistiocal standpoin.

The movies wire analyzed frame by frame, eaoch wave in the photographe beiny essigned
& numbe~, and the time and loocation of these waves being meessursd os the waves ad-
vanced down the ohannel., The _rocedure was very tedious and the evaluation of the
data has pot yet been com-le%ed, The data obtained were plotted as time versus
distance traveled. Hw.ce, the distance between waves in the vertiocal direotion
gives the wave pericds at any desired time and location, the distance hetween waves
in the horizontal direotion glves the wave lengths, and the slopes of the curves
give the wave veloocities. A sample of the datu, from Camera I, is shcwn in Figure
7. 7These are the waves in the deepest water; hence the time-distance ourves are
almost straight lines. Tt is expeoted that the ourvatures would ircrease as they
oums into shallower water and the velocities of the wave travel decraase,

The evaluation of the data is not yet advanced encugh to disousn fully the results,
but looking at Pigure 7 1t is interesting to note that when a wnve disappears, there
appears o pow wave a short digtance to the rear of the previous wavs. This is
demonstruted by Wave 88, whioh disappears at Station 33 and is replaced at Station
34 by Wave 87-A, The same characteristics can be found for Waves 87 and 83. Wave
87 breaks and disappears and is replaced a short distance later by another wave,
Waves 88 and 87-A, and 87 and 88 demonstrate the mixing of two waves., In the oase
of Waves 88 sad 87=A, the two orests merge, beooming a long, flat-crested wave,

with no distinguishing maximum (see Pigure 7, Stations 33-34). The single srest
then separates into two orests again,one of which scon disappears., In the cass

of Waves 87 and 86 a different phenomenon ocoura; Wave 87 breaks, aad water rolls
forward merging with Weve 88 and forming & long, flat-orested wave., As in the

case of Waves 88 and 87-A this separates into two waves, one of which soon disappears.

In Pigures 8-10 are shown & series of sketohes of the weve profiles as they moved
down the ohannel. Eaoh sketoh shows nearly the entire shoaling seotion. The time
interval between each sketoh wvaries,

Wind Waves in Uniformly S8hoaling Waters Several laboratory experiments ware per-
formed in order ¢o determine the characteristics of wind generated wavas. The
channel was covered to form a wind tunnel with the water as the bottom bsundazry

of the wind., A sloping beach was placed at one end of the channel. The wind was
forsed through the tunnel over the water and toward the beash., The reaulting waves
ware mesaursd simultaneously at three stations along the eloping beach. FRigure 1l
shows & sketsh of the experimental sst=up.

The analysis of these data will show the eftect of shoaling on wind waves togethar
with their transformation ia the generating area due to their diapersive properties.
The results will be presented in a subsequent reporst.
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Cs FIELD S8TUDIES

Held Work at Davenpert, Califoernia: Through the cocoperation of the Santa Crus
Portland Uement Gompany, the University of California has been given permiasion
to use an abandoned ocement loading pler at Devenport, California for studying
wave traneformation (Mgure 12). The pler is unueually long (2200 fest) and is
oorstructed in an exposed location on the coast, gilving an excellent chance for
the study of long peried large waves from the Ncrdh Pacific area,

Hoving piotures were taxen nf waves moving along the pler in am initial effors %o
define the complexity of the transformaticn problem: It was found thut waves

oould be tracked visually from the end of the pler toc shore and that the travel
times of thess wu.ves ocull be predioctsed satisfactorily from theoretical consid-
erations. Work is now going on in preparation for an extensive wave uweasurement
progran correlating waves along the pier and waves a mile westward of the pler end,
It is plennnd to install four Beach Erosion Board step~resistance gages along the
pler to reccird the transformation of waves in shallow water and to install a net-
work of wave pressurs recorders one mile off shore in a depth of 80 feet to measure
the deep-water waves ooming inco shore,

It has been nucessary to install new walkwvays along the pier and also to put in
electrio service and communioatior lines since some of the pier superstructure
has rotted or washed away and much of the original equipment has been removed.
A wave pressure recordsr was put into operation at the pier eand to give some
idea of the wave site and period t> be expected during the proposed tests.

FMeold work at Bllwood: In conneotion with the problem of wave transformation,
two preliminary testt werre made at Ellwood, California on a pier owned by 8ignal
0il and Gas Company, Thoe tests oconsisted of spacing two wavs pressure recorders
e distance of 28,5 and 206 feet apart, near the surface and on a line with the
direotion of approach of the waves., The water depth at the seaward recorder 2200
feet from shore was 35 feet. Analyses of the data obtained from these tests are
desoribed in Beotions F and G,
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D. LINEAR PREDICTICN IN WATER OF CONSTANT UEPTH

In & previcus repora® the predicted surface elevation at & distance x 4in the
direotion of wave propagation was showmn to be of the form

o0

e ur-or(r)ar

-— D

where K’.t)'-_:'—r- foo:. (Kx=08) d e and sz= € K tanh ¥ d. For

deop water we find explicitly

X't) = ;;T.I?;E m(_%- - f:—z')

which is plutted vs, ¢ for x « 10 ln Figure 18, In general this surface kernel
can be written in tha form

. L
/ - .5 UE.
K't) = T\{‘: Sool( 3 ryydy
()
where yzﬁutanhu.ulkd.y' _e,v:’zdt.
'& g

Caloulations have been porformed for ~% = 5 and ym= 2,90 . This last set of

2T
values implies the negleot of oomponent periods of lesa than 5;;‘ \ -% or the

consideration of d/L values less than C.84,00 respeotively, The integral has
been caloulated ueing Filon's formula. The results are plotted in Figure 13,

Successive predictions were mede for d * 2 foat and stations 10 feet epart the
first being one foot from the wave paddle. The results are indioated in Figzure
14 for an initial finite sine wave the first record being talken one foot

from the wave flapper., The results at Station o were predicted from the measured
surface~time history at Station 2 and the prediotion for Station ¢ was made fron
the measured surface-time history at Station 3, In Figure 15 a single prediction
is mads for a larger number of initial oscillations. Trial predictions were made
for data sscured at Ellwood but sirnce the experimental conditions did not con-
form to those used in the calculations no comparison will be offered.

*Institute of Engineering Reasearsh, Univ. of Calif., Series 3, Issue 337,

June 1062
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B, LINKAR PREDICTION OF WAVE TRANSPORMATION ON BZACHES OF CONSTANT SLOPE

In order to generalize the prediaotion of wave transformation from water of con-
stant depth to shoaling water one must in general take acocount of ohanges in
rhase, amplitude and refraction angle. For sinmplioity we ahiall oonsider beaches
of uniformly constant alope with waves moving direotly onshore and having crests
parallel to the bottom contours, We assume that a periodioc wave has an ampli-
tude which is determined by Re; leigh's hypotheais of the oconssrvution of trans-
mitted power and the phar- is detormined by suitadbly integrating the instantaneous

wave number appropricte to the depth.”

For transformation from depth d, with wave amplitude ap to depth dl with ampli-
tude a; as shown below

we find

:-l - e ] ns o

a a Y

- % Ty e
where the subsoript o refers to deep water and
1 /1, 2 kd
2 sioh 2kd
= = L o= taph k 4
% Lo
ks EEE ;, L being the wavelength .

For a periodic wava of frequenoy +the surface profile is of the form

M(t) = & (t) cos (A(a) - &)

where
X

N(a) = Jkdx

v

‘Manual of Amphibious Ooeanography, Wave Theory, Seo. II. p. 63

F!"f"r'['\sf“"’r"D
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x being measured rlus toward shore with x = o at depth d,.

For a continuous sequence of underlying frequencies ws generalize this simple
formula DLy integration over & in order to gain Fourier integral representations,

Thus
]

Me (&) = J‘z (6) € 17t ae (1)

—0

where @ ° = g k tamh v a. Inverting (1) by Fourier's integral theorem the
spectral amplitude is

8y (@) = 2'TT' J'ﬂz (u) e_ d u.

At a digtanoce x

'Y\l(‘b) = 8 (®)e

w

m @
1 : i@ (u-t) ¢ ) (¢,)
;fil.-znf:-f 'ﬂz(u)e[ D dsd u

thz (W) X (u=t)du
.

J%;]z(t ~v)K(v)dw
where K(v) = L s n2d2
318 30 1

-

Applying the method of stationary phase to this invegral results in the
approximate formula

4 (>‘(“1) - t)

oos ( X (d)) - @v) d &

n202
K (v) = frJ me) oce ( ) (4) -~ arv ¢ T/4)

L2

2 des
Calculations using this approximation were performed for o z 1/40, d; = 0,39 f%.
and do = 1.17 ft. oorrespond;ng t0 oxperimental conditions described elsawherse
in this report. Numerioal caloulations were oarried out for the ranges of
neriods betwesen 0,36 and 1.26 sec. whickh appeared to cover the range of experi-
mental conditions. The results are given numerically in Table 1, The amplitude
£(v) and the phase g(v) are plotted separately in Figurc 14, Predictions employ-
ing this kernel are coupared with experiment in Flguresl7a and b. Discrepancies

vetween theory and experiment aré in part attributable to the approximations
involved in employing the method of stationary phase.
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Th3LE I 2o
KERNEL FOR WAVE TRANSPFORMATION
K(v) v K(v) v K(v) \ K(v)
'1.51 15.2 -1.48 31.0 ‘0062 26.8 '0054
0393 15.4 ’0021 21.2 1e48 2790 -0.03
2,01 1646 1,82 2l.4¢ ~1,38 27.2 0.61
0se24 1B.8 =07,89 21,6 0,38 2led =1,12
'1.82 16,7 -1,21 21,8 0.84 2748 1.49
-1,27 16.2 1,28 22,0 -1,.B4 27.8 =1,70
1,04 18,4 0,66 2242 1,24 28.0 1,7%
1.79 16.8 '1051 22.4 '0.14 28.2 -1.71
=028 18,8 Oedd 22.8 =1.08 2844 1,83
=1,86 17.0 1,38 22,8 1.87 28,86 -1,61
-0,48 17,2 =0,88 23,0 =1,36 29.0 1,32
1.62 l7|4 -0.83 23.2 0158 29.2 -1.10
l.12 17,86 1,61 23,4 0.45 29.4 0,83
=1,13 17,8 0,88 23486 =1,30 2B.€ ~0,57
=1,38 18,0 =0,.98 23,8 1.82 29,8 O.b54
0.98 18.2 1044 24.0 ‘1025 30.0 '0.50
lohl lB.h ‘Olah 2&.2 0035 30!2 Oohé
-0.8h 18-6 -1¢2h 2h0h 0070 BOOh -O.hB
‘lohs 18-8 1028 2h.6 ‘1.33 30'6 0039
-0.69 19,0 0.16 2L.8 1,64  30.8  -0.35
1.8 19,2  =1,33 25.0 =~1,53 31.0 0.32
=0.59 19, 1,31 25.2 1,05 31.2 -0,.30
~1,39 19,6 -0.12  25.4 -0.30  3l.k 0.5L
0.90 19,8 -1.18 25.6 -0.54  31.6  -0.76
1,18 20,0 Y 25.8 1.23 31.8 0.97
-1016 2002 Oohl 26.0 -1063 32-0 lll?
-0.91 20,4 -0.98 26,2 1.6L 32.2 1.34
1035 20.6 1352 260}.1 -loh3 320h ‘10,-19
0.59 20,8 -0.70 26,6 1.04
Lol CTE
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F. FOURIER SERIES ANALYSIS

If the linear theory for wave propagation is adequate it should be possible to
start with a record of the surface time history of wave motion at some point,
and then after hammonically analyzing a section of this recor into its various
comronents, propagating the components separately in the direction of travsl

to some desired point and then recombine them. The point of reference on the
longest component would arrive first at the point of interast while the ref-
erence point of the shortest component would arrive last. The rucombined surf-
ace time history would begir Lo be valid only when the shorteat components had
started to arrive at the woint of interest; hence the interval for which the
surface time hiastor; can be predicted at this second point is always less than
the length of rscord at the first point. If the section of record at the first
point is relatively short and the distance between the two points is relatively
long then no prediction from the first to the second is possible. This indicates
that “he greater the distance to the point of prediction the greater would be
the section of measured record that must be harmonically analyred. It follows
that the longer the section of record harmonically analyzed the greater the
number of harmonics necessary.

The basic limitatioha for the harmonic analysis method, &8s presented herein,
are that the depth of water stays constant (the effect of shoaling is not
included) and that the waves behave according to tre linear wave theory. The

mathematice involved 4in this method start with the revresentation of the
measured surface by a Fourier Series which is given by the expressions

217t 21t 21Tt
Y]l(t) = a +a) fos T 4 ap Cos —T—Z— 4 ¢ive 4 8p Cos -:E—
+ bl Sin zgt - se0 bn Sin g%Tn—t ¢ & 3 o (l)

where
N1(t) = measurcd or known surface time history at point 1

ﬂg(t) a computed surface time history at point 2 or any point other
than point 1

8,1 875 eon 8y, bl’ eres bn - Fourler coefficient
t - time - seconds

n - number of sine or coszine components which is one-half the number of
ordinates measured in the type of harmouic anaysis used®

Ts length of record harmonically analyzed in seconds

1 =T; Ty = % vees, T2 L = wpva neriod of the component in
n saconds

A= distance hetween point 1 and point 2 or any other peint measured in
direction of wave travel. Pcints must be in line in this direction.

*Dan Hartog,—J.P. "Mechanical Vibrations™, McGraw-Hill Book Co., InC.
New York and London, 1940
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Having obtained each component, they are now
combine to give the following éJcpreZsion Propagated to point 2 and re-

MNa(t) = a0 + 2y cos ZTEMM) o, 2m(bity-ty)
Ty T,
+ eeee + 2y Cos 21r(t'++‘;-tn) +b Sin. 2"'7"("""*'1‘4'1)
7 1
n T
+ eeee + by Sin zv(t';tl't“) .. @
n

which reduces to

772(t) = ag+a; Cos 2t + [a, Cos gﬂ(t]_"tg) 21’]’(t1-t2) 29T 41
2 1 b, Sin Co
2 ™ 3 +
&2 T2
277 (ty-t,) 217 1
e ¢ o+ $j8 cos__l__n_ Tr\t‘ -t ) 21T-tl
n n Ty
":[i’2 Cos 2"_S.t_1_-_t.2_) - a, Sin 27T’(t] ’tz)] Sin 2mt!
T em——— ™ o e e
2 (ty-t -
’ ["" con Tt g san 2T (k) m)J sin 2TV (3)
n N A
where
t' = t - 17 time scale on record 2 in seconds
t = —é- 3 to = —’d-/- 3 oese by = —’C{: time fcr each component to
1 2 propagate the distance .Z
I . I
G T Ch T - wave velocity of each component
L1 = wave length of 2ach component obtained from wave theory for known
d and Tp*
d = still water depth ft.
Figure 18 shows a sketch of the time scale used with regard to (t'+t3-t,).
At position 2 the time of each component has a definite angle or argument
(2;rt } which for evaluation purpose must be separated into the time argument
n
(_2_;,72_'_) plus a phase angle (21T(; — )). This later combination was used as
n n
oricgpedeley.-" 1‘{s:i.s of Subsurface Pressure Records in Constant Depths and on
STopi es 3, Issue 336, Institute of Engineering Research, Univ-

ersity of California, Berkeley, California; May 1952, and 1, R.L., "0scillato
Wavesx, Bulletin of Beach Erog:{on Board, Sf)ec.yIsg\):e 1, 19&?8805@3 or’&:g‘fgeer: i
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describei in Equation 2. The resulting Equation 3 may be simplified mathematically,
but such action may tend to complicate the final application which is relatively

simple,

Several experiments were conducted in both the laboratory and the field. A few
of these were analyzed with various degrees of success, In order to obtain good
results the experimants and application of the mathod must follow or adhere to
several rules as follows:

(4) The points -. measurements and prediction must be in line and in the
direction of wave propagation,

(11) The wave system must be regular encugh tv have only one direction of
propagation. The success of the method depends upon the waves behaving according
to the linear wave theory.

(111) At least three tc¢ six ordinates should be measured on the longest wave
in order to obtain a satisfactory harmonic analysis. Since only the 48 point
hammonic analysis scheme®™ was used this would limit the length of record analyzed,
the greatest distance to the predicted point and the length of the predicted
record,

There are of course other ways of doing this type of transformation but inherent
to all is the limitation that the greater the distance propagated the greater is
the length of measured record that must be analyzed., It might be better to say
that this limitation is at least inherenti to the linear wave theory.

Figure 19 shows the results of the laboratory study of wave transformation,

Figure 19b shows the original measurad surface wave system and its reconstruction
by harmonic analysis which is a check on the accuracy of the wave components.
Figures 19c, 19d, and 19e show the tranaformation of the wave after a travel
distance of 10, 20 and 30 feet respectively together with the predicted or com-
puted wave time history by the hammonic analysis method or Fourler Series analysis.,

Figure 20 shows a field study where Figure 20b is the measured wave pressure
and 1ts reconstruction by harmonic analysis as a check on the wave components,
Figure 20c shows the wave transformation after 20, feet of travel together with
the predicted wave transformation .

The results shown here are fairly good, but not all attempts were this accurate.
Additional analyses of the accurately controlled fisld tests in progress will
help to determine the validity of this method. One indication at this time ia
that the greater ths travel distance the greater will be the error., This error
appears in the phase relationship of the varicus components. Of course the
effect of shoaling has not been taien into account. This problem is mainly
whether or not all components can be separately transformed by shoaling and

then recombined to give the actusl transformed wave. This of course implies
that the 1linear wave theory holds for shcaling waves; which is not true in
general in =2latively shallow waier.

*Den Hartog, J.P. "Mechanlical Vibraticns", McCraw-Hill Bock Co., Inc.,
New York and London, 1940
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0., PREDICTABILITY OF SAVE TRANSFORMATION: 35

LINEAR LEAST-SQUARES PREDICTION

Introduction

Within the problem of wave tranaformation there may arise the question of the
degree of predictability inherent in the phenomenon apart from the theory
employed for making the prediction or the means of carrying i1t out. If in
particular a finite linear ~.mbination of discrete equally-spaced values of
one observed variable - to be used to predict the other variable, the method
of least squares mey be employed to yield not only an optimum prediction kernel
of this type but alsoc a measure of the associated error of prediction., The
preliminary etudies described below were undertaken in order to show the de-
gree of accuracy possible in predicting thc transformation of waves.

The least s gres mgthod will rest on the interpretaticn of the two time-
histories ft as the components of a two-dimensicnal discrete ststion-
ary randoem procesa., That is, they conatitute a realization of a p{iogbaliafig
aya em characterized (for present purposes) by three functions )
?’ , each ¥ (1J) being the correlation function associated with £ 1) and
T J The direct computation of the leasst-squares prediction kernel described
below depends on the previous knowledge of certain ordinates of the correlation
functions and, while conceptually simple, its exact computation becomes tedious
when the length of the kernel exceeds more than a few terma. The methed, how-
ever, is applicable to any two time-history functions provided only that
together they may be regarded as a random process of the kind described.

H

The required values of the correlation functions must be estimated from the ob~
served sample time history, it heing assumed that this sample represents a
certain infinite (unobasrvable} time history.

The lengtn, n, of the predicticn kernel employed in the present studies was
dictated by computaticnal cfggenience. The time lag, 4 bet E the time
of the predicted ordinate ft+ and that of the latest ordinatewaz ) used from

the observed time history was determined sc as to yleld the best prediction.

The prediction kernel then consists of a sequence of numbers.d,, d%i eens dpoy
which, when applied the obgerved time history, produce g;% d, f & as the

value predicted for ftfz .

linear least-Squares Theory

It is ass ?d that s itable constants have been subtracted from the valuez of
each of £{1) and £(2) 50 ae to reduce the mean value of each to zerc. Being

given the prediction lag L and the kernel length n, the problem is to determine
the sequence of real numbers d 05 915 ees; dp_15 such that when the linear combin~

Ne=
ation %;} dkf<%2K is formed for each given value of t, the mean, or expected,
2 .

value of the squared error ¢2 = [fgg g dy f(l) is & minimm,

é
The necessary condition, 3;32* 20; J=o0;1, vosy n-1; for E;} = min. can be
J

Rr-c*‘rr)'f“ T
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R 1) (1 T . ] |
writien 2;: de £ -3 f tok " ft-jft+1 Zo for 3 =0y 1; eesy n=1, the bar

denoting the (linear) mean-value operator. Introducing the correlation functions

X(n)’ X(l?), this has the form go dy YS}P = 55*12‘). 3=o, 1, oeo n-1,

*

The conditions on the dk are thus those imposed by p simultaneous linear
equations in n unknomns. Assuning these have a unijue sclution, the corres-
ponding prediction kernel will yleld the minimum lesst-squares error given by

~2 _[p(2)_ pea 1)72 22 12 =1 12
min & Pu%'}_r::dk f'£~1)<] *¥o * Eldd &’(M),' 2 5 o h’(kafg
o J=o ko

22
=X<(, ) - g d‘1 X(ﬁé » us‘ng the condition on the d,, 's. A relative

measure of the error of prediction suitable for many purposes is provided by
the ratio of the root-mean-aquare error to the rocot-mean-square deviation of
the observed time history from its average valuz, This ratio may be written

- 2 (12 ¥
' Yol22) %f% 4 Yaaz)]
Jmo

and may be computed from the values of the correlation functions alone, It
is thus possible to determine what prediction lag and kernel length may best
be used before any actusl predictions are made,

Applications of the Theory

The finite linear least~squares prediction kernmel wae computed for three ex-
perimental sets of data, each corresponding-to the transformation of wave
systems between two points displaced norizontally in the general direction of
wave propagation.

I. laboratory Wave Channel - Here the wave-generating flapper wae soved
briefly and a short wave train of approximately one-second waves was started
down the wave channel. At four stations, each one approximately ten feet from
the preceding one, time histories of the surface elevation of the water were
recorded for approximately 30 seconds. Predictions were made from the first
station to each of the other three,as well as from the second to the third,
Two representative examples are deacribed below,

A. 8tation L from Station 1 - From measurements made every O,l

second, velues of X(:oLl)’ X(]l_l), seey Y(n..j\_and K(i‘g%! Y{égz veey

X(ﬁg wers estimated and used to compute an eight«tem prediction
kernel do, di; eesy d7. Here A = 105; corresponding to 10,5 seconds,
roughly ten times the wave perioed. The resulting oprediction may be com-
parad with the observed values 2t the second point in Figure 2la.

*™e non-normalized correlation function x(;J) for any%&%ug_jistory
functions £(1)2(3) 15 defined to be the average product £'i’s 3. Th will be

geen that, for i=J, and when the lag difference between subscripts is zero; the
c?ﬁelation function is merely the square of the r.m.s. value of the function
e/,

e
Y

o eTDR!I T
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B. Station 3 from Station 2 - From measurements made every O.l secend,
11 11 v (11 12 12)
values of X’g ), X(l ), cor; K(7 ) ana X(212 X(zg s eees X(%g)

were estimated and used to compute an eight-term prediction kernel dy;, dj;
ces; d7. Here { = 21, corresponding to 2.1 seconds, roughly twice the wave
period., The resulting prediction may be compared with the observed time
history at the second point in Figure 21b,

II. Ocean Waves, 28.5-foot Ceparation - Here the surface-elevation time history
due to natural ocean-wr s conditions was measured for a perind of approximately
five minutes at two stations separated by 28.5 feet. Predictions were made from

:Zgo:g?w‘a,ﬁu::a:%onx? g,he sh?reyard ?;lion. (Eﬁ? ::gsureﬁgs,a mdflggery 0 iz)

5’(12 were eatimated and used to compute a four-tem kernel d,, dj; da, d3.

Here ;vwas taken as 2, corresponding to 1.0 second, roughly one-tenth of the
mean wag neriod., The resulting prediction may be compared with the observed
time history at the second point in Figure 22.

III. Ocean Waves, 205-foot Separation - Here the sibsurface fluctuation time
history due to natural wave conditions was measured for a period of 1000 seconds
at two points separated by 205 feet and at depths of approximately 35 feet. Pre-
diction was made from the seaward station to ?Eg shore? Ig stat% E FroT Tfae-
urements made every 0.25 second values of Y ), Y ; Y ; ’, Y %

and X(%g) 1(12) X(lz) 3412) were estimated and used to compute the
four-term predictggn kernei do, di, 32, d3. Here { = 17, corresponding to L.25
seconds, roughly one-third of the mean waVe period. The resulting prediction
may be compared with the observed time history at the second point in Figure 23a.

Further Use of Method

For the 28,5-foot ocean data an eight-term prediction kernel was alsc computed.
The improvement in accuracy of this kernel over the previous four-term kernel
did not appear to be asignificant enough to warrant the additlonal labor of
computation. For the same data a prediction kernel of a different nature was
computed; being so determined that the squared error of prediction was a minimum
when averaged; not over the entire time history, but over only those times when
the fluctuating surface deviated from its average value by at least %

times its r.m.s. deviation from its mean value, Since‘JEWaA-xo has been
found in other studies to correspond to the height of an average wave measured
fro? t?e level of its mean ordinate, when the total energy in the spectrum is

; this kernel is designed to be accurate for higher-than-average waves,
Although in principle such a kernel would be more suitable than the ordinary
least-squares kernel if high waves are of especial importance; when applied
to the present data there appeared to be little systematic difference in
performance when the waves wars high.

The 205-foot ocean wave data was subjected to a test of the assumption of
temporal homogeneity, that is, that of its being stationary in time. In addi-
ticn to the 1000-gsecond time histories referred to above there was also measured
at the same two points time histories of 60-seconds duration beginning aporoxi-
mately 30 minutes after the end of the earlier ones. No estimate was made of
the corrslation functions for these later time histories, but the prediction
kernel computed for the earlier date was applied to the & -second data. The
results, shown in Figure 23b indicate that for rurposes of linear least-square
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prediction, the correlation functions have not changed significantly over a
30-~-minuts interval.

The possibility of using the rocently-developed Wave Ordinate Distribution
Analyzer® for analog computation of estimstes of the correlation function was
also investigated by means of the 28.5-foot ocean-wave data. These estimates,
hased on the distribution of sums of the time-history functions with various
time lags between them; would be relatively eaey to compute, The results ind.-
cated that the eatimates wr..d be accurate enough to yield prediction kernels
of the surface time hj' igy compar%gs favorably with those based on directly-
computed values of )

Extensions of the ubtnoq

Modifications of the least-squares prediction methods described thus far may in
certain cases be expected to yileld somewhat better predictions. For example;

one may carry out linear prediction of the time history at one point from observed
tims histories at two or more seavard points, a method which is perhaps suitable
for non-uniform short-crested wave aystems. An extension of the correlation
function concept leads %o non-linear prediction, . method which may be suitable
for shallow-water prediction.

If the requirement to predict individual instantanecus time-history ordinates
is relaxed, somewhat better prediction may be possible. Two altermsative
quantities whose prediction suggests itself are (1) the envelope of the time-
history function and (2) the square of the ordinate integrated over a constant.
length interval whose endpoints advance with time and whose duration is long
compared with & wave period. The former would correspond to individual waves
in the wave reccid while the latter would Le proportional to a moving average
of the energy over a fixed time interval.

Discussion of the Method

The advantages of the least-squares prediction methods for wave transformation
are the relative shortness of the kernels required for accurate prediction,
and their general applicability., They may be used on data taken under many
conditions, whether capable of being dealt with by hydrodynamic theory or n...
High accuracy; when cbtainable, may be asttributed to the fact that the method
provides for each situation a sclution which is tailor-made to it.

The chief disadvantages of the least-squares method are; of course; related to
the specialness of the solution; in that special information — namely; values
of the correlation functions — must be knowm before 1t can be used., This
information; which is equivalent to & knowledge of certain features of the
apectra of the twe time histories involved, is required for each situation in
which the method is to be applied. The labor of comouting in each situation
the correlaticn functicns and the predictlion kernel itself is an inconvenience
which may be lessened by the utilization of analog computers for the nurpose
(esge; the ordinate distribution analyzer mentioned above).

Tn those situations where it is known that hydrodynamic theory can prediect

the wave transformatlcn that occurs between the two polnts, this knowledge

may be used to determine any desired a’yes ¢f the correslation funciion X (12),
provided the correlation function is known completely for the seaward
point, In such a case a table may then Le compiled, once and for all; showing

#Lune, W.W., "An Electronic Instrument for Statistical Analyais of Ocean

Waves", University of (alifornia, Institute of Engineerin %:rgghi_,ﬂ..ru
Technicsl Raport, Serieas 3, Issue 343, September 1952, ?: =g bt B
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the least-squares prediction kerngl to be used for any given "input® spectrum,
since the latter determines X(ll). S8ince this spectrum also determines
those distances and times over which prediction will be most accurate, this
information may likewise be tabled in such a casse,.

It remains to obtain a knowledge of the input spectrum (or correlation function),
a8 problem which may be approached in various ways. I[n view of the results shomn
in Figure 23t an estimation of the correlation function based on data taken a
short time (perhaps up to s~ hour) before the prediction was to be made would
probably be sufficient, If the eatimation of the correlation function were

made even earlier, ithe change reflected in the values occurring later could un~
doubtedly be forecast tc some extent from a knowledge of the past values of

the function and from meteorological conditions. When adequate statistical

data on ocean-wave spectra have been accumulated, sufficient regularity in their
shape may be found to permit theér characterization by a few parameters, and

the rate of change of the latter with time may prove to be sufficiently slow

to permit the orediction of spectra a short time in advance.

Summary Based on Preliminary Work

Examples vpresented above show that linear least-squares prediction of time-
history ordinates can be applied to wave-transformation problems to yield mod-
erately accurate vredictions in the cases considered. When vrediction over
greater times and distances is attempted, the above-mentioned extensicne of
the method may be needed.

While the muin purpose of the work described in this section on least-squares
prediction was tv investiigate the degree of predictability inherent in phenomena
of wave transfomation, certain modifications of the techniques already employed
have been mentioned in order to indicate that, should other methods of prediction
prove inadequate, the least-squares method may perhaps be made serviceabls., Much
of the practical success of the method would seem to depend on the accumulation
of knowledge of the form and frequency of occcurrence of wave spectra under
various conditions,
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